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INTEGRABLE KP AND KDV CELLULAR AUTOMATA
OUT OF A HYPERELLIPTIC CURVE
MARIUSZ BIAECKI
Abstrat. The goal of this paper is to present a solution of the ellular
automaton assoiated with the disrete KdV equation using algebro-geometri
solution of the disrete KP equation over a nite eld out of a hyperellipti
urve.
1. Introdution
Cellular automata (CA) are (solutions of) ompletely disrete dynamial sys-
tems, for whih values of both independent and dependent variables are disrete.
The onept of CA emerged in interation with omputational mahines and hene
CA are onvenient tools for omputer simulations of various phenomena. There is
also an approah to CA, in whih the main objetive is to obtain "analiti" solu-
tions (or full solutions or in a form good for investigation of their global properties)
without need of performing step by step alulations. This leads naturally to notion
of integrability and integrable ellular automata (ICA). (For referenes to ICA see
[4℄.)
Reently a new method of onstrution of ICA was proposed in [6℄. Its main
idea is to keep the form of a given integrable disrete system and to transfer the
algebro-geometri method of onstrution of its solutions [10, 1℄ from the omplex
eld C to a nite eld ase. In this framework there were onstruted nite eld
versions of multisoliton solutions for the fully disrete 2D Toda system (the Hirota
equation) in [6℄ and for disrete KP and KdV equations (in Hirota form) in [4℄ and
also algebro-geometri solutions of the disrete KP equation out of a hyperellipti
urve in [3℄.
In this paper we extend previous works to onstrut algebro-geometri solution
of the disrete KdV equation out of a hyperellipti urve. To reah this aim we
obtain a solution of dKP equation in a form ompatibile with the redution from
the dKP equation to the dKdV equation.
The paper is onstruted as follows. In Setion 2 we rst summarize the nite
eld version of the algebro-geometri onstrution of solutions of the disrete KP
and KdV equations. In Setion 3 we apply the method to onstrut solution of the
disrete KP and KdV equations starting from an algebrai urve of genus two.
2000 Mathematis Subjet Classiation. 14H70, 37K10, 37B15.
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2. The finite field solution of the disrete KP equation out of
nonsingular algebrai urves
We rst shortly reall algebro-geometri onstrution of solutions of the disrete
KP equation over nite elds and its redution to the disrete KdV equation [6, 4, 3℄.
An algebro-geometri approah in ase of omplex eld C is desribed in [1℄. An
algebrai urves over nite elds are exposed for example in [15, 17℄.
2.1. General onstrution for the dKP equation. For the general onstru-
tion we need an algebrai projetive urve C/K (or simply C), absolutely irreduible,
nonsingular, of genus g, dened over the nite eld K = Fq with q elements. By
C(K) we denote the set of K-rational points of the urve. By K denote the algebrai
losure of K, i.e., K =
⋃∞
ℓ=1 Fqℓ , and by C(K) denote the orresponding innite set
of K-rational points of the urve. Denote byDiv(C) the abelian group of the divisors
on the urve C. The ation of the Galois group G(K/K) (of automorphisms of K
whih are identity on K) extends naturally to ation on C(K) and Div(C). A eld of
K-rational funtions on the urve C we denote by K(C) and the vetor spae L(D) is
dened as {f ∈ K(C) | (f) > −D}, where D ∈ Div(C) and (f) =
∑
P∈C ordP (f) ·P
is the divisor of the funtion f ∈ K(C).
On the urve C we hoose:
(1) four points Ai ∈ C(K), i = 0, 1, 2, 3,
(2) eetive K-rational divisor of order g, i.e., g points Bγ ∈ C(K), γ = 1, . . . , g,
whih satisfy the following K-rationality ondition
∀σ ∈ G(K/K), σ(Bγ) = Bγ′ .
We assume that all the points used are distint and in general position. In partiu-
lar, the divisor
∑g
γ=1Bγ (and a divisor D(n1, n2, n3) dened below) is non-speial.
Denition 1. Fix K-rational loal parameter t0 at A0. For any integers n1, n2, n3 ∈
Z let divisor D(n1, n2, n3) be of the form
D(n1, n2, n3) = n1(A0 −A1) + n2(A0 −A2) + n3(A0 −A3) +
g∑
γ=1
Bγ .
The funtion ψ(n1, n2, n3) (alled a wave funtion) is a rational funtion on the
urve C with the following properties
(1) the divisor of the funtion satisfy (ψ) > −D, i.e. ψ ∈ L(D),
(2) the rst nontrivial oeient of its expansion in t0 at A0 is normalized to
one.
Existene and uniqueness of the funtion ψ(n1, n2, n3) is due to appliation of
the RiemannRoh theorem with general position assumption and due to normal-
ization. Moreover, the funtion ψ(n1, n2, n3) is K-rational, whih follows from
K-rationality onditions for sets of points in their denition.
Remark. Notie that the funtion ψ(n1, n2, n3) has g zeros not expliitely speied
in the Denition 1.
The next step of the onstrution is to obtain linear equations for wave funtions.
The full form of suh equation is in ase when the pole of ψ(n1, n2, n3) at A0 is of
the order exatly (n1 + n2 + n3) and respetive zeros at Ai are of the order ni, for
i = 1, 2, 3. We will all this ase generi. Having xed K-rational loal parameters
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ti at Ai, i = 1, 2, 3, denote by ζ
(i)
k (n1, n2, n3), i = 1, 2, 3, the K-rational oeients
of expansion of ψ(n1, n2, n3) at Ai, respetively, i.e.,
ψ(n1, n2, n3) = t
ni
i
∞∑
k=0
ζ
(i)
k (n1, n2, n3)t
k
i , i = 1, 2, 3.
Denote by Ti the operator of translation in the variable ni, i = 1, 2, 3, for example
T2ψ(n1, n2, n3) = ψ(n1, n2 + 1, n3). The full linear equation is of the form
(1) Tiψ − Tjψ +
Tjζ
(i)
0
ζ
(i)
0
ψ = 0, i 6= j, i, j = 1, 2, 3.
It follows from observation, that Tiψ−Tjψ ∈ L(D), hene must be proportional to
wave funtion ψ. Coeients of proportionality an be obtained from omparison
(the lowest degree terms) of expansions of left and right sides of (1) at the point
Ai.
Remark. When the generiity assumption fails then the linear problem (1) degen-
erates to the form Tiψ = ψ or even to 0 = 0.
Notie that equation (1) gives
(2)
Tjζ
(i)
0
ζ
(i)
0
= −
Tiζ
(j)
0
ζ
(j)
0
, i 6= j, i, j = 1, 2, 3.
Dene
(3) ρi = (−1)
∑
j<i njζ
(i)
0 , i = 1, 2, 3,
then equation (2) implies existene of a K-valued potential (the τ -funtion) dened
(up to a multipliative onstant) by formulas
(4)
Tiτ
τ
= ρi, i = 1, 2, 3.
Finally, equations (1) give rise to ondition
(5)
T2ρ1
ρ1
−
T3ρ1
ρ1
+
T3ρ2
ρ2
= 0,
whih written in terms of the τ -funtion gives the disrete KP equation [8℄ alled
also the Hirota equation
(6) (T1τ) (T2T3τ) − (T2τ) (T3T1τ) + (T3τ) (T1T2τ) = 0.
Remark. Equation (5) an be obtained also from expansion of equation (1) at Ak,
where k = 1, 2, 3, k 6= i, j.
Absene of a term in the linear problem (1) reets, due to Remark above, in
absene of the orresponding term in equation (6). This implies that in the non-
generi ase, when we have not dened the τ -funtion yet, we are fored to put it
to zero.
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2.2. Redution to the dKdV equation. The disrete KdV equation [7, 11℄
(7) (T1τ) τ − (T
−1
3 τ) (T3T1τ) + (T3τ) (T1T
−1
3 τ) = 0,
is obtained from the disrete KP equation by imposing onstraint
(8) T2T3τ = γτ,
where γ is a non-zero onstant. Algebro-geometri solutions of the disrete KdV
equation an be onstruted using following fats (see [4℄).
Lemma 1. Assume that on the algebrai urve C there exists a rational funtion
h with the following properties
(1) the divisor of the funtion is (h) = A2 +A3 − 2A0,
(2) the rst nontrivial oeient of its expansion in the parameter t0 at A0 is
normalized to one.
Then the wave funtion ψ satises the following ondition
(9) T2T3ψ = hψ.
Remark. Existene of suh a funtion h implies that the algebrai urve C is hy-
perellipti.
Proposition 2. Let h be the funtion as in Lemma 1. Assume additionally that
(10) h(A1) = 1.
Denote by δ2 and δ3 the respetive rst oeients of loal expansion of h in pa-
rameters t2 and t3 at A2 and A3, i.e. h = t2(δ2 + . . . ), h = t3(δ3 + . . . ). Then
the funtion
(11) τ˜ = τ δ
−n2(n2−1)/2
2 (−δ3)
−n3(n3−1)/2
satises the disrete KdV equation (7).
3. A "hyperellipti" solution of the disrete KP and KdV equation
Our goal here is to onstrut a solution of the dKP equation to whih we an
apply the redution sheme desribed above. We are fored to perform steps of the
onstrution (see also [2℄ for details) starting from a hyperellipti urve. In detail
we deal with a urve of genus g = 2 but the tehnial tools used here an be applied
diretly to hyperellipti urves of arbitrary genus.
3.1. Hyperellipti urves and Jaobian piture of the onstrution. In the
following we use an ane piture of a hyperellipti urve. It is motivated by the
fat that general hyperellipti urve an be tranformed to the form with only one
point at innity (see [16℄).
Denition 2. A hyperellipti urve C of the genus g over a eld K is given by
(12) C : v2 + h(u)v − f(u) = 0,
where h(u) ∈ K[u] is a polynomialof degree at most g, f(u) ∈ K[u] is a moni
polynomial of degree 2g + 1, if there is no points (u = x, v = y) ∈ K × K whih
satisfy equation (12) and equations 2y + h(x) = 0 and h′(x)y − f ′(x) = 0.
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By P˜ we denote the point opposite to P , i.e. onjugate with respet to hyper-
ellipti isomorphism. Denote by Div0(C;K) the abelian group of the K-rational
divisors on the urve C and by J(C;K) the group of eqivalene lasses of K-rational
degree zero divisors Div0(C;K) modulo the K-rational prinipal divisors, i.e. divi-
sors of a funtions K(C). (In terms of algebrai geometry J(C;K) is identied with
the group of K-rational points of the Jaobian of the urve C [12, 14℄.)
Two divisors A,B ∈ Div0(C;K) are equivalent (we write A ∼ B) if B = A+ (f)
for some funtion f ∈ K(C). The lass of a divisor A in the divisor lass group
J(C;K) is denoted by [A]. For a hyperellipti urve C (of genus g) eah lass
of equivalene [A] ∈ J(C;K) has a unique representant of the form of redued
divisor [13℄.
Denition 3. A divisor D ∈ Div0(C;K) of the form
D =
k∑
γ=1
Xγ − k ·A0,
where Xγ ∈ C \ {A0} is alled redued if
(1) k ≤ g
(2) X˜γ 6= Xγ′ for all γ 6= γ
′
Let us present in this piture the desription of the wave funtion ψ and of the
τ -funtion. Consider the following divisor D(n1, n2, n3) ∈ Div
0(C;K) of degree zero
D(n1, n2, n3) = n1(A0 −A1) + n2(A0 −A2) + n3(A0 −A3) +
g∑
γ=1
Bγ − g · A0,
with linear dependene on n1, n2 and n3. Its equivalene lass in J(C;K) has the
unique K-rational representant of the form of redued divisor
X(n1, n2, n3) =
k∑
γ=1
Xγ(n1, n2, n3)− k · A0.
This equivalene is given by a funtion whose divisor is
n1(A1−A0)+n2(A2−A0)+n3(A3−A0)+
k∑
γ=1
Xγ(n1, n2, n3)−
g∑
γ=1
Bγ+(g−k)A0.
If we normalize suh a funtion at A0 aording to Denition 1 it beomes the wave
funtion ψ. Notie that if k 6= g, it means that the pole of the wave funtion
at A0 is of the order less then (n1 + n2 + n3), and it is a non-generi ase, thus
τ(n1, n2, n3) = 0.
Remark. Points Xγ , indiate zeros of the wave funtion whih are not expliitely
speied in the previous onstrution.
3.2. A urve and its Jaobian. Consider a hyperellipti urve C of genus g = 2,
dened over the eld F7 and given by the equation
(13) C : v2 + uv = u5 + 5u4 + 6u2 + u+ 3.
The (u, v) oordinates of its F7-rational points are presented in Table 1.
The only two speial points of the urve are (6, 4) and the innity point ∞.
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i Pi P˜i
0 ∞ P0
1 (1, 1) (1, 5)
2 (2, 2) (2, 3)
3 (5, 3) (5, 6)
4 (6, 4) P4
Table 1. F7-rational points of the urve C. The point opposite
to P (onjugate with respet to the hyperellipti automorphism)
is denoted by P˜ .
i Pi P˜i P
σ
i P˜
σ
i
5 (0, 21) (0, 28) P˜5 P5
6 (3, 9) (3, 44) P˜6 P6
7 (4, 26) (4, 33) P˜7 P7
8 (7, 5) (7, 44) (42, 5) (42, 9)
9 (8, 22) (8, 26) (43, 29) (43, 33)
10 (11, 5) (11, 47) (46, 5) (46, 12)
11 (12, 6) (12, 45) (47, 6) (47, 10)
12 (13, 14) (13, 29) (48, 35) (48, 22)
13 (14, 8) (14, 34) (35, 43) (35, 27)
14 (15, 13) (15, 28) (36, 48) (36, 21)
15 (16, 17) (16, 23) (37, 38) (37, 30)
16 (17, 0) (17, 39) (38, 0) (38, 18)
17 (18, 4) (18, 41) (39, 4) (39, 20)
18 (19, 9) (19, 28) (40, 44) (40, 21)
19 (20, 12) (20, 31) (41, 47) (41, 24)
20 (22, 4) (22, 30) (29, 4) (29, 23)
21 (25, 6) (25, 32) (32, 6) (32, 25)
22 (27, 7) (27, 22) (34, 42) (34, 29)
Table 2. F49-rational points of the urve C (whih are not F7-
rational); P σ denotes onjugate to P with respet to the ation of
the Frobenius automorphism.
We identify the eld F49 with the extension of F7 by the polynomial x
2 + 2,
i.e., F49 = F7[x]/(x
2 + 2). It is onvenient to introdue the following notation: the
element k ∈ F49 represented by the polynomial βx + α is denoted by the natural
number 7β + α. The Galois group G(F49/F7) = {id, σ}, where σ is the Frobenius
automorphism, ats on elements of F49 \ F7 in the following way: k = 7β + α 7→
σ(k) = 7(7−β)+α. The oordinates of F49-rational points of the urve (whih are
not F7-rational) are presented in Table 2.
The full desription of the group J(C;F7) is given in Table 3, where we have
hoosen as a referene point A0 the innity point ∞. The divisor D1 = P1 −∞
generates the subgroup of order 31 and the divisor D4 = P4 − ∞ generates the
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n [nD1]r g0(n) [nD1 +D4]r g1(n)
0 0 1 (6, 4)− ∞ 1
1 (1, 1)− ∞ 1 (1, 1) + (6, 4)− 2∞ 5+5u+3u
2+v
6+4u+u2
2 (1, 1) + (1, 1)− 2∞ u+5u
2+v
(2+u)2
(12, 45) + (47, 10)− 2∞ 1+5u
2+v
2+5u+u2
3 (5, 6) + (5, 6)− 2∞ 1+u+4u
2+v
(2+u)(5+u) (15, 28) + (36, 21)− 2∞
6u2+v
2+u2
4 (2, 3) + (5, 3)− 2∞ 2+4u
2+v
5+4u+u2 (7, 44) + (42, 9)− 2∞
5+u+v
4+6u+u2
5 (19, 9) + (40, 44)− 2∞ 4u+2u
2+v
5+5u+u2 (11, 5) + (46, 5)− 2∞
6+6u+u2+v
3+6u+u2
6 (22, 4) + (29, 4)− 2∞ 5+2u+6u
2+v
(2+u)(5+u) (18, 41) + (39, 20)− 2∞
5+3u+5u2+v
5+3u+u2
7 (2, 3) + (5, 6)− 2∞ 5+6u+2u
2+v
5+2u+u2 (16, 17) + (37, 38)− 2∞
5+4u+4u2+v
3+u+u2
8 (27, 22) + (34, 29)− 2∞ 1+3u+2u
2+v
1+u2 (17, 39) + (38, 18)− 2∞
3+2u+u2+v
(5+u)(6+u)
9 (14, 34) + (35, 27)− 2∞ 1+5u+v(1+u)(5+u) (1, 5) + (2, 2)− 2∞ 6 + u
10 (2, 2) + (6, 4)− 2∞ 3+5u+5u
2+v
(5+u)2
(2, 2)− ∞ 1
11 (2, 3) + (2, 3)− 2∞ 6+u+6u
2+v
3+2u+u2 (1, 1) + (2, 2)− 2∞
4+2u2+v
3+5u+u2
12 (13, 14) + (48, 35)− 2∞ 3+6u+4u
2+v
2+2u+u2 (8, 22) + (43, 29)− 2∞
2+4u+v
(2+u)(6+u)
13 (20, 12) + (41, 47)− 2∞ 5u+u
2+v
(1+u)(2+u) (1, 5) + (5, 3)− 2∞ 6 + u
14 (5, 3) + (6, 4)− 2∞ 6+5u+2u
2+v
6+6u+u2 (5, 3)− ∞ 1
15 (25, 32) + (32, 25)− 2∞ 5+u
2+v
6+6u+u2 (1, 1) + (5, 3)− 2∞
u+5u2+v
(2+u)(6+u)
16 (25, 6) + (32, 6)− 2∞ 6+5u+2u
2+v
(1+u)(2+u) (1, 5) + (5, 6)− 2∞ 6 + u
17 (5, 6) + (6, 4)− 2∞ 5u+u
2+v
2+2u+u2 (5, 6)− ∞ 1
18 (20, 31) + (41, 24)− 2∞ 3+6u+4u
2+v
3+2u+u2 (1, 1) + (5, 6)− 2∞
2+4u+v
3+5u+u2
19 (13, 29) + (48, 22)− 2∞ 6+u+6u
2+v
(5+u)2
(8, 26) + (43, 33)− 2∞ 4+2u
2+v
(5+u)(6+u)
20 (2, 2) + (2, 2)− 2∞ 3+5u+5u
2+v
(1+u)(5+u) (1, 5) + (2, 3)− 2∞ 6 + u
21 (2, 3) + (6, 4)− 2∞ 1+5u+v1+u2 (2, 3)− ∞ 1
22 (14, 8) + (35, 43)− 2∞ 1+3u+2u
2+v
5+2u+u2 (1, 1) + (2, 3)− 2∞
3+2u+u2+v
3+u+u2
23 (27, 7) + (34, 42)− 2∞ 5+6u+2u
2+v
(2+u)(5+u) (17, 0) + (38, 0)− 2∞
5+4u+4u2+v
5+3u+u2
24 (2, 2) + (5, 3)− 2∞ 5+2u+6u
2+v
5+5u+u2 (16, 23) + (37, 30)− 2∞
5+3u+5u2+v
3+6u+u2
25 (22, 30) + (29, 23)− 2∞ 4u+2u
2+v
5+4u+u2 (18, 4) + (39, 4)− 2∞
6+6u+u2+v
4+6u+u2
26 (19, 28) + (40, 21)− 2∞ 2+4u
2+v
(2+u)(5+u) (11, 47) + (46, 12)− 2∞
5+u+v
2+u2
27 (2, 2) + (5, 6)− 2∞ 1+u+4u
2+v
(2+u)2
(7, 5) + (42, 5)− 2∞ 6u
2+v
2+5u+u2
28 (5, 3) + (5, 3)− 2∞ u+5u
2+v
(6+u)2 (15, 13) + (36, 48)− 2∞
1+5u2+v
6+4u+u2
29 (1, 5) + (1, 5)− 2∞ (6 + u) (12, 6) + (47, 6)− 2∞ 5+5u+3u
2+v
(1+u)(6+u)
30 (1, 5)− ∞ (6 + u) (1, 5) + (6, 4)− 2∞ 6 + u
Table 3. The group J(C;F7) as the simple sum of its yli sub-
groups; [X ]r denotes the redued representsnt of the equivalene
lass of the divisor X ; g0(n), g1(n)  transition funtions (see
main text).
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subgroup of order 2. For n ∈ {0, 1, . . . , 30} and m ∈ {0, 1} we present the redued
representants of elements [nD1 + mD4]r of J(C;F7) and the transition funtions
gm(n) whih are given by the equation
[nD1 +mD4]r +D1 = (gm(n)) + [(n+ 1)D1 +mD4]r,
and normalized (numerators and denominators are moni polynomials). We will
use them in the onstrution below.
3.3. Constrution of the wave and τ funtions. In order to nd a solution of
the disrete KdV equation let us x the following points of the urve C:
A0 =∞, A1 = (2, 2), A2 = (1, 5), A3 = (1, 1),
with the uniformizing parameters t0 = u
2/v, t1 = u− 2, t2 = t3 = u− 1, and
B1 = (12, 6), B2 = (47, 6).
Then
A1 −A0 ∼ 10D1 +D4, A2 −A0 ∼ −D1 ∼ 30D1, A3 −A0 ∼ D1,
B1 +B2 − 2A0 ∼ 29D1 +D4,
and the pointsX1(n1, n2, n3) andX2(n1, n2, n3), where the wave funtion ψ(n1, n2, n3)
has additional zeros (here Xi an be ∞) an be found from Table 3 and
(14) X1(n1, n2, n3) +X2(n1, n2, n3)− 2∞ = [nD1 +mD4]r,
where n ∈ {0, 1, . . . , 30} and m ∈ {0, 1} are given by
n ≡ 29− (n3 − n2 + 10n1) mod 31,(15)
m ≡ 1− n1 mod 2.(16)
Remark. The hoie of the innity point ∞ as A0 is a violation of the assumption
of general position of points used in the onstrution (∞ is the Weierstrass point of
the urve C). This will not destroy the onstrution but in some situations, whih
we will point out, will aet uniqueness of the wave funtion. We remark that suh
a hoie is indispensable in redution of the method from the disrete KP equation
to the disrete KdV equation (see, for example [11, 4℄).
The key idea in onstruting of the wave funtion is to express ψ(n1, n2, n3)
for any parameters from (n1, n2, n3) ∈ Z
3
by a set of funtions related to J(C;K)
(transition funtions and few auxiliary funtions). Let us introdue funtions h1
and h4 orresponding to generators of the two yli subgroups of J(C;F7). The
funtion h1 with the divisor 31D1 ∼ 0 and normalized at the innity point is equal
to
h1 =
30∏
i=0
g0(i),
and reads
h1 = 1 + 2u+ u
2 + 4u3 + 3u5 + u6 + 3u7 + u8 + 4u9+
4u10 + 2u11 + 5u12 + 2u13 + 4u14 + 3u15 +
(
5u+ 2u2+
5u3 + 4u5 + 6u6 + 4u7 + 3u9 + 5u10 + 5u11 + 4u12 + u13
)
v,
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where we also used equation of the urve (13) to redue higher order terms in v.
The normalized funtion h4 with the divisor 2D4 ∼ 0 is
h4 = u− 6.
Let us introdue other auxilliary funtion f1 and f2 to fatorise the zeros at A1 and
A2 of the wave funtion. Notie that
(2, 2) + 21(1, 1) + (6, 4)− 23∞∼ 0,
whih implies that there exists a polynomial funtion on C with simple zero at A1
and other zeros in the distinguished (by our hoie of desription of J(C;F7)) points
(1, 1) and (6, 4). Dene f1 as the unique suh funtion normalized at the innity
point ∞, then
f1 = 1 + 5u+ u
2 + 4u4 + 6u5 + 4u6 + 4u7 + 3u8 + 4u9+
6u11 +
(
6 + 4u+ 2u2 + 5u3 + 6u4 + 6u6 + u7 + u8 + u9
)
v.
The zeros at A2 an be fatorised using funtion
f2 = (u− 1).
Uniqueness of the wave funtion ψ implies that it an be deomposed as follows
(17) ψ(n1, n2, n3) =
fn11 f
n2
2
hp1h
q
4
W (m1,m2),
where new variables m1 i m2 are given by
21n1 − n2 + n3 = 31p−m1, m1 ∈ {0, 1, . . . , 30},(18)
n1 = 2q −m2, m2 ∈ {0, 1},(19)
and the funtion W (m1,m2) has the divisor
(20) m1D1 +m2D4 + Y1(m1,m2) + Y2(m1,m2)− (12, 6)− (47, 6).
The additional zeros
Y1(m1,m2) + Y2(m1,m2) = X1(n1, n2, n3) +X2(n1, n2, n3),
an be found by projetion from n-variables into the m-variables.
To nd the funtions W (m1,m2) for all m1 ∈ {0, 1, . . . , 30} and m2 ∈ {0, 1} let
us notie that W (0, 0) = 1 and W (0, 1) is given by
(W (0, 1)) = D4 + (1, 5) + (1, 5)− (12, 6)− (47, 6),
and hene an be written in a form
W (0, 1) =
2 + 3u+ 4u2 + v
6 + 4u+ u2
.
Dene the multipliers wm2(m1) as follows
W (m1,m2) = wm2(m1)W (m1 − 1,m2),
for m1 ∈ {0, 1, . . . , 30} and m2 ∈ {0, 1}. Equations (14)-(16) and (18)-(20) gives
wm2(m1) = gm(n),
where
m2 = 1−m mod 2, m1 = 29− n mod 31.
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Figure 1. The F7-valued solution of the disrete KP equation
out of genus g = 2 hyperellipti urve C; n2 = −1, 0, 1, 2 for sub-
seqent gures, n1 = 0, 1, . . . , 34 (horizontal axis), n3 = 0, 1, . . . , 34
(vertial axis).
Setting wm2(0) =W (0,m2) we obtain
W (m1,m2) =
m1∏
i=0
wm2(i).
Together with fatorisation (17) it gives the wave funtion ψ for all (n1, n2, n3) ∈ Z
3
.
Remark. For (m1,m2) = (29, 1) we have X1 = X2 =∞. Beause the innity point
∞ is the Weierstrass point of order two, there exist funtions with divisor of poles
equal to 2∞. This means that ψ is not uniqely determined in this ase. However it
is natural to keep the divisor of ψ, and therefore ψ itself, exatly like it is given from
the ow on J(C;K). Notie that beause for X1 = X2 =∞ we stay in non-generi
ase, then this ambiguity does not aet onstrution of the τ -funtion.
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Figure 2. The F7-valued solution of the disrete KdV equation
out of genus g = 2 hyperellipti urve C; n1 = 0, 1, . . . , 79 (hori-
zontal axis), n3 = 0, 1, . . . , 79 (vertial axis), (n2 = 0).
The oeients ζ0
(k)(n1, n2, n3), k = 1, 2, 3, of expansion of the wave funtion
an be obtained from fatorisation (17) and are given by
(2, 2) : ζ
(1)
0 (n1, n2, n3) = 6
n15q4pW (m1,m2)|t1=0,(21)
(1, 5) : ζ
(2)
0 (n1, n2, n3) = 2
n14qW (m1,m2)|t2=0,(22)
(1, 1) : ζ
(3)
0 (n1, n2, n3) = 6
p4q
W (m1,m2)
tm13
|t3=0.(23)
Using denition of the τ funtion for nonzero ρi, i.e. equation (4), and putting
τ = 0 for points related with nongeneri ase we obtain a solution of the disrete
KP equation (6) taking value in the nite eld F7. This τ -funtion is presented in
Figure 1.
To obtain a τ˜ -funtion being a solution of the disrete KdV equation we use the
formula (11). For our settings we have δ2 = δ3 = 1, so nally
τ˜ = τ(−1)−n3(n3−1)/2.
The τ˜ -funtion for dKdV is presented in Figure 2.
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